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1. Introduction
Let F be a ﬁeld and let F× be its multiplicative group. We assume that F is formally real, i.e., that
−1 is not a sum of squares in F . In the papers [Bec78,Bec79a,Bec79b,Bec82] Becker discovered a list
of remarkable facts concerning sums of nth powers in F , where n is an even positive integer. Among
other things, he proved that for S = (F×)n and for every positive integer m one has
(∑
S
)m

∑
Sm. (1.1)
Here
∑
A denotes the set of all non-zero sums from the subset A of F . This was later extended by
Berr [Ber92] to sums of powers with mixed even exponents.
In particular, for F = Q(X1, . . . , Xk) one deduces from (1.1) the existence of identities
(
k∑
i=1
Xni
)m
=
r∑
j=1
f j(X1, . . . , Xk)
nm (1.2)
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proved non-constructively by Hilbert [Hil09] as a main step in his proof of the Waring conjecture
(see [Ell71]). More constructive proofs were later given by Hausdorff [Hau09] and Stridsberg [Str12].
Still, explicit examples of identities of the form (1.2) are currently known only for some special values
of n and m (see, e.g., [Rez92, p. 103]). For introductions to Becker’s theory we refer to [Bec84], [Lam80,
§12], and [Pow96].
In this paper we extend these results of Becker and Berr (in particular (1.1)) by showing that they
hold more generally for subgroups S of F× , where
(1) S is co-torsion in F× (i.e., F×/S is a torsion group); and
(2) S is totally positive, i.e., S ⊆∑(F×)2.
Recall that by a celebrated theorem of Artin,
∑
(F×)2 is the set of all totally positive elements of F ,
i.e., the elements which are positive with respect to all orderings on F . Of course, when n is even, the
subgroup (F×)n satisﬁes (1) and (2).
In Section 7 we extend to this context other parts of Becker’s theory, related to higher level
Pythagorean ﬁelds, Pythagoras numbers, and their connections with the real holomorphy ring. Un-
like the original approach to this theory, our proofs in the general case do not use orderings of higher
level.
2. Formally real groups
Let F be a ﬁeld and S a subgroup of F× . We say that S is a formally real subgroup if −1 /∈∑ S .
Thus (F×)2 is a formally real subgroup of F× if and only if F is a formally real ﬁeld. The proof of the
next lemma is straightforward (recall that, by deﬁnition, 0 /∈∑ S).
Lemma 2.1. The following conditions are equivalent:
(a) S is formally real;
(b) 0 is not a (non-empty) sum of ﬁnitely many elements of S;
(c)
∑
S is additively closed.
For S co-torsion, every multiplicatively closed set S ⊆ S ′ ⊆ F× is a subgroup of F×; indeed, for
every a ∈ S ′ there is a positive integer n with an ∈ S , whence a−1 = an−1(an)−1 ∈ S ′ . Therefore, in this
case (c) above means that
∑
S is an additively closed subgroup of F× . We also note that an additively
closed subgroup of F× cannot contain −1.
Next we rephrase [Bec79b, Cor. 3.5] as follows.
Theorem 2.2. The following conditions on the ﬁeld F are equivalent:
(a) F is formally real;
(b) there is an additively closed co-torsion subgroup of F×;
(c) there is a formally real co-torsion subgroup of F× .
Proof. A subgroup S of F× is additively closed and co-torsion if and only if S ∪ {0} is a torsion
preordering in the sense of [Bec79b, §3]. Thus the equivalence of (a) and (b) is just [Bec79b, Cor. 3.5].
The equivalence of (b) and (c) follows from Lemma 2.1, in view of the preceding remark. 
Remark 2.3. For an example of a ﬁeld F and a co-torsion formally real subgroup S of F× with F×/S
of inﬁnite exponent see [Bec79b, (3.6)].
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Let v be a (Krull) valuation on the ﬁeld F (for notions in valuation theory we refer to [Efr06]). We
denote the valuation ring, valuation ideal, group of units, and residue ﬁeld of v by O v , mv , O×v , and
F¯ v , respectively. Given a subgroup S of F× , the set S¯ v = (S ∩ O×v )v of all residues of S ∩ O×v with
respect to v is a subgroup of F¯×v . We call it the push-down of S to F¯ v . When S¯ v is formally real, the
ultrametric inequality becomes an equality on S , as the next lemma shows.
Lemma 3.1. Let S be a subgroup of F× and let v be a valuation on F with S¯ v formally real. For every
a1, . . . ,an ∈ S we have
v
(
n∑
i=1
ai
)
= min
1in
v(ai).
Proof. We may assume without loss of generality that v(a1) v(ai) for all i. Then b = 1+∑ni=2 aia−11
lies in O v . Furthermore, aia
−1
0 ∈ S¯ v ∪ {0} for every i. Since S¯ v is formally real, b¯ = 0¯ in F¯ v . Therefore
v(b) = 0, as required. 
One says that a valuation is real if its residue ﬁeld is formally real.
Lemma 3.2. Let v be a real valuation on F and let a1, . . . ,an ∈ F× .
(a) v(
∑n
i=1 a2i ) 0 if and only if v(ai) 0 for all 1 i  n.
(b) For a1, . . . ,an totally positive, v(
∑n
i=0 ai) = min0in v(ai).
Proof. (a) The “if” part is clear. For the “only if” part, apply Lemma 3.1 with S = (F×)2, noting that
S¯ v = ( F¯×v )2.
(b) By (a), O v ∩∑(F×)2 consists of the non-zero sums of squares of elements of O v . Consequently,
the push-down of
∑
(F×)2 to F¯ v is
∑
( F¯×v )2. Now apply Lemma 3.1 with S =
∑
(F×)2. 
Assume now that F is formally real. Then the trivial valuation is real. The intersection HF of all
real valuation rings on F is called the real holomorphy ring. As usual, we denote its set of invertible
elements by H×F . Following [Bec82], we denote
E+ = H×F ∩
∑(
F×
)2
.
Note that it is a subgroup of H×F .
Corollary 3.3. For totally positive a1, . . . ,an ∈ F and for a positive integer m one has
∑n
i=1 ami
(
∑n
i=1 ai)m
∈ E+.
Proof. We ﬁrst note that since F is formally real and the ai are totally positive, both the numerator
and the denominator here are non-zero. Now for every real valuation v on F Lemma 3.2(b) gives
v
(
n∑
i=1
ami
)
=m min
1in
v(ai) = v
((
n∑
i=1
ai
)m)
.
The assertion follows. 
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Consider an additively closed subgroup S of F× . Then char F = 0 and S contains all positive ratio-
nal numbers. We deﬁne
A(S) =
∞⋃
n=1
(
(n − S) ∩ (S − n)).
The set A(S) contains 0,1,−1 and is additively closed. The identity
nm + ab = 1
2
[
(n + a)(m + b) + (n − a)(m − b)]
implies that A(S) is also multiplicatively closed, hence is a ring.
We recall from [Bec79b] the following main properties of A(S).
(i) For s ∈ S the identity
1
1+ s +
1
1+ s−1 = 1
implies that both summands are in S ∩ (1 − S), whence are in A(S). Conversely, for every a ∈ A(S)
we can choose a positive integer n with n ± a ∈ S . Then
s := n − a
n + a ∈ S, a =
2n
1+ s − n.
Therefore the ring A(S) is generated over Z by all elements of the form 1/(1+ s) with s ∈ S .
(ii) Assume in addition that S is a co-torsion subgroup of F× and let K be the subﬁeld it generates.
Then F×/K× is a torsion group. But by [Bec79b, Lemma 3.1] this can happen for a ﬁeld extension of
characteristic 0 only when F = K . Now for s ∈ S one has s = (1 + s)/(1 + s−1). In view of (i), this
shows that the fractions ﬁeld of A(S) contains S , and therefore must equal F .
(iii) For S co-torsion, A(S) is a Prüfer domain, i.e., its localizations at maximal ideals are valua-
tion rings on the fraction ﬁeld F [Bec79b, Th. 3.7(i)]. Since every domain is the intersection of its
localizations at maximal ideals [Mat80, 1.H], A(S) is an intersection of valuations rings on F .
(iv) If v is a valuation on F such that A(S) ⊆ O v , then by (i), v(1+ s) 0 for all s ∈ S . Hence S¯ v
is a formally real subgroup of F¯×v . Furthermore, when S is co-torsion in F× , the subgroup S¯ v is
co-torsion in F¯×v . By Theorem 2.2, F¯ v is then formally real, i.e., v is a real valuation.
See [BBG99, §1] for some additional properties of A(S).
Proposition 4.1. Let F be a ﬁeld and let S be a totally positive and additively closed co-torsion subgroup of F× .
Then A(S) = HF .
Proof. In light of Theorem 2.2, F is formally real. By facts (iii) and (iv), A(S) is an intersection of
valuation rings on F corresponding to real valuations. Hence A(S) ⊇ HF .
Conversely, for every real valuation v and for every s ∈ S we have v(1+ s) 0, by Lemma 3.2(b).
Hence 1/(1+ s) ∈ HF . We conclude from (i) that A(S) ⊆ HF . 
5. The representation theorem
Let A be a unitary ring and let Hom(A,R) be the set of all unitary ring homomorphisms A → R.
For a ∈ A let aˆ :Hom(A,R) → R be the evaluation map aˆ(h) = h(a). We equip Hom(A,R) with the
weakest topology making all maps aˆ continuous.
Next let M be a subset of A such that
3108 I. Efrat / Journal of Algebra 320 (2008) 3104–31120,1 ∈ M, −1 /∈ M, M + M ⊆ M, M · M ⊆ M. (5.1)
We assume that M is Archimedean in the sense that for every a ∈ A there exists a positive integer n
such that n · 1 − a ∈ M . Let Mdiv be the divisible hull of M in A, i.e., the set of all a ∈ A such that
na ∈ M for some positive integer n. Let XM be the set of all h ∈ Hom(A,R) such that h(M) ⊆ R0.
Note that it is closed in Hom(A,R). Also, for every a ∈ A there exists na  1 such that na · 1± a ∈ M .
It follows that XM embeds as a closed subset of
∏
a∈A[−na,na] via the map
∏
a∈A aˆ. This makes XM
a compact topological space (see [Mar02, Prop. 1.1]).
As usual, let C(XM ,R) be the ring of all continuous maps XM → R. Let C(XM ,R0) be its subset
consisting of all continuous maps into the non-negative reals. Finally, we deﬁne a ring homomorphism
Φ : A → C(XM ,R) by Φ(a) = aˆ|XM . The following fact is a part of the Kadison–Dubois representation
theorem [BS83,Mar02].
Theorem 5.1. Φ−1(C(XM ,R0)) consists of all a ∈ A such that for every non-negative integer n one has
1+ na ∈ Mdiv .
Denoting the set of non-zero sums of squares in A by
∑
A2, we get:
Lemma 5.2. In the above setup:
(a) A× ∩ Φ−1(C(XM ,R0)) ⊆ Mdiv .
(b) A× ∩∑ A2 ⊆ Mdiv .
Proof. (a) Let a ∈ A× ∩ Φ−1(C(XM ,R0)). For every h ∈ XM we have h(a)  0 and h(a)h(a−1) =
h(1) = 1. Hence h(a) > 0. The compactness of XM yields a positive integer n with h(a) > 1/n for all
h ∈ XM . It follows that
na ∈ 1+ Φ−1(C(XM ,R0))⊆ Mdiv,
by Theorem 5.1. Thus a ∈ Mdiv.
(b) One has
∑
A2 ⊆ Φ−1(C(XM ,R0)), so we apply (a). 
Now let F be again a formally real ﬁeld and let S be an additively closed subgroup of F× .
Let A = A(S) and let M = (A ∩ S) ∪ {0}. Then the assumptions (5.1) are satisﬁed. Further, M is
Archimedean and M = Mdiv. We obtain:
Corollary 5.3. For an additively closed co-torsion subgroup S of F× one has
A(S)× ∩
∑(
F×
)2 ⊆ S.
Proof. By facts (iii) and (iv) of Section 4, A(S) =⋂v O v for some collection of real valuations v on F .
By Lemma 3.2(a), for every real valuation v and for every b1, . . . ,bn ∈ F× , if ∑ni=1 b2i ∈ O v , then
b1, . . . ,bn ∈ O v . Consequently, A(S) ∩∑(F×)2 ⊆∑ A(S)2. Now apply Lemma 5.2(b). 
Remark 5.4. Corollary 5.3 actually contains the main implication (b) ⇒ (a) in Becker’s Theorem 2.2.
Becker’s original proof of this result is also based on the representation Theorem 5.1.
From Proposition 4.1 and Corollary 5.3 we deduce:
Corollary 5.5. For F formally real, E+ is contained in every totally positive and additively closed co-torsion
subgroup of F× .
I. Efrat / Journal of Algebra 320 (2008) 3104–3112 31096. Totally positive sums and valuations
Let F be again a formally real ﬁeld. We consider totally positive elements αλ of F× and totally
positive co-torsion subgroups Sλ , λ ∈ Λ, of F× . Then ∑ Sλ is an additively closed and totally pos-
itive co-torsion subgroup of F× . Given s ∈ Sλ one has −1 = s/αλ (∈ ∑(F×)2), so we can choose
k = k(λ, s) 1 with (1+ s/αλ)k ∈ Sλ . We set
βλ(s) = s
αλ(1+ s/αλ)k .
Note that βλ(s) is totally positive and βλ(s)Sλ = α−1λ Sλ . Moreover, for every real valuation v on F
Lemma 3.2(b) gives
v
(
βλ(s)
)= v(s/αλ) − kmin{0, v(s/αλ)} 0. (6.1)
Hence βλ(s) ∈ HF .
The equivalence of (a) and (b) in the proposition below generalizes a part of [Bec79a, Satz 2.14]
(for the single subgroup (F×)m with m even) and [Ber92, Th. 1.2] (for Sλ = (F×)mλ with mλ even).
Our argument is inspired by Berr’s proof of the latter result. Here
∑
λ∈Λ α
−1
λ
∑
Sλ is the set of all
non-zero sums of elements of
⋃
λ∈Λ α
−1
λ Sλ .
Proposition 6.1. The following conditions are equivalent:
(a) 1 ∈∑λ∈Λ α−1λ ∑ Sλ;
(b) for every real valuation v on F there exists λ ∈ Λ such that v(αλ) ∈ v(Sλ);
(c) for every real valuation v on F there exist λ ∈ Λ and s ∈ Sλ such that v(βλ(s)) = 0.
Proof. (a) ⇒ (b): Write 1 =∑ri=1 α−1λ(i)∑t(i)j=1 si j with λ(i) ∈ Λ and si j ∈ Sλ(i) . Since αλ(i), si j are totally
positive, Lemma 3.2(b) gives i, j with v(αλ(i)) = v(si j) ∈ v(Sλ(i)).
(b) ⇒ (c): Take λ ∈ Λ and s ∈ Sλ with v(αλ) = v(s). By (6.1), v(βλ(s)) = 0.
(c) ⇒ (a): Let m be a maximal ideal of HF = A(∑(F×)2) (see Proposition 4.1). By facts (iii) and
(iv) of Section 4, (HF )m = O v for some real valuation v on F . By (c), mv cannot contain all the
βλ(s), with λ ∈ Λ and s ∈ Sλ . As m ⊆ mv , neither can m. Since m was arbitrary, there must exist
λ(1), . . . , λ(t) ∈ Λ and si ∈ Sλ(i) , i = 1, . . . , t , such that
1 ∈ βλ(1)(s1)HF + · · · + βλ(t)(st)HF .
Let
γ = βλ(1)(s1) + · · · + βλ(t)(st) ∈ HF .
For every real valuation v on F and for 1  i  t , Lemma 3.2(b) gives v(γ )  v(βλ(i)(si)). Hence
βλ(i)(si)/γ ∈ HF , so 1 ∈ γ HF . It follows that γ ∈ E+ . Now for each i we may apply Corollary 5.5 for
the group
∑
Sλ(i) to obtain that E+ 
∑
Sλ(i) . Consequently
1=
t∑
i=1
βλ(i)(si)γ
−1 ∈
t∑
i=1
βλ(i)(si)
∑
Sλ(i) =
t∑
i=1
α−1
λ(i)
∑
Sλ(i),
proving (a). 
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Theorem 6.2. Let S be a totally positive co-torsion subgroup of F× . Then
∑
S consists of all totally positive
α ∈ F× such that v(α) ∈ v(S) for every real valuation v on F .
The next corollary extends [Bec79a, Satz 2.7, Kor. 2.8] and [BG95, Cor. 2.15] (which deal with
subgroups S = (F×)n).
Corollary 6.3. The following conditions on a co-torsion subgroup S of F× are equivalent:
(a)
∑
(F×)m =∑ Sm for every even positive integer m;
(b)
∑
(F×)m =∑ Sm for some even positive integer m;
(c) for every real valuation v one has v(F×) = v(S).
Proof. (a) ⇒ (b): Trivial.
(b) ⇒ (c): Let α ∈ F× . By (b), αm ∈∑ Sm . By Lemma 3.2(b), v(αm) ∈ v(Sm). Since v(F×) is torsion-
free, v(α) ∈ v(S).
(c) ⇒ (a): Clearly, ∑(F×)m ⊇∑ Sm . Conversely, let α ∈∑(F×)m . For every real valuation v we
obtain from Lemma 3.2(b) and the assumption that v(α) ∈ mv(F×) = mv(S) = v(Sm). Now Theo-
rem 6.2 (for the subgroup Sm) shows that α ∈∑ Sm . 
7. Powers of sums vs. sums of powers
We now obtain our main result. It generalizes the remaining part of [Bec82, Th. 1.9] (which con-
siders a single group S = (F×)n , n even).
Theorem 7.1. Suppose that F is a formally real ﬁeld and let m be a positive integer. Let Sλ , λ ∈ Λ, be totally
positive co-torsion subgroups of F× . Then
E+ ·
(∑
λ∈Λ
∑
Sλ
)m
=
∑
λ∈Λ
∑
Smλ .
Proof. By Corollary 5.5,
E+ 
∑
λ∈Λ
∑
Smλ .
Next we show that (
∑
λ∈Λ
∑
Sλ)m 
∑
λ∈Λ
∑
Smλ . To this end take α ∈
∑
λ∈Λ
∑
Sλ . Let v be
a real valuation on F . By Proposition 6.1 (with αλ = α), v(α) ∈ v(Sλ) for some λ ∈ Λ. Hence
v(αm) ∈mv(Sλ) = v(Smλ ). Now the subgroups Smλ , λ ∈ Λ, of F× are also totally positive and co-torsion.
Therefore we may use Proposition 6.1 once again with αλ = αm and with these subgroups to deduce
that αm ∈∑λ∈Λ∑ Smλ , as required. Consequently, in the assertion of the theorem, the left-hand side
is contained in the right-hand side.
Conversely, to show that the right-hand side is contained in the left-hand side, take λ(1), . . . , λ(r) ∈
Λ and si1, . . . , sit(i) ∈ Sλ(i) , i = 1, . . . , r. By Corollary 3.3,
∑r
i=1
∑t(i)
j=1 s
m
ij
(
∑r
i=1
∑t(i)
j=1 si j)m
∈ H×F ∩
∑
λ∈Λ
∑
Sλ  E+,
and the required inclusion follows. 
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Corollary 7.2. Suppose that F is formally real and let m be a positive integer. Let S be a totally positive co-
torsion subgroup of F× . Then
E+ ·
(∑
S
)m =∑ Sm.
The next proposition extends [Bec82, Prop. 3.1].
Proposition 7.3. Suppose that F is formally real. Let S be a totally positive co-torsion subgroup of F× and let
m be a positive integer. The following conditions are equivalent:
(a) (
∑
S)m =∑ Sm;
(b) E+ = (E+)m.
Proof. (a) ⇒ (b): By Corollary 7.2 and (a),
E+ 
(∑
S
)m

(∑(
F×
)2)m
.
Furthermore, if x ∈ F is totally positive and xm ∈ H×F , then by the deﬁnition of the real holomorphy
ring, x ∈ E+ . This proves that E+  (E+)m , whence (b).
(b) ⇒ (a): By Corollary 5.5, E+  ∑ S . By (b), E+ = (E+)m  (∑ S)m . Now Corollary 7.2
gives (a). 
Theorem7.4. Let S be a totally positive co-torsion subgroup of F× and letm be a positive integer. The following
conditions are equivalent:
(a) Sm is additively closed;
(b) S is additively closed and E+ = (E+)m.
Proof. First note that, by Theorem 2.2, both conditions imply that F is formally real. Hence there are
no roots of unity = 1 in ∑(F×)2. Therefore the map x → xm is injective on ∑ S .
Now assume (a). By Corollary 7.2, (
∑
S)m 
∑
Sm = Sm . It follows that ∑ S = S . By Proposi-
tion 7.3, E+ = (E+)m .
Conversely, assume (b). Then by Corollary 7.3, Sm = (∑ S)m =∑ Sm . 
As observed by Becker in [Bec82], the set of positive integers m satisfying E+ = (E+)m is the
multiplicative semi-group generated by some set of prime numbers. Hence if (a) holds for some m,
then it holds for any other positive integer m′ whose prime divisors divide m. This extends results of
Harman [Har82, Th. 5.7] and Jacob [Jac81, p. 261, Th.]. Theorem 7.4 also extends [Bec78, p. 63, Th. 26]
(which deals with subgroups S = (F×)2k ).
Finally, for a subgroup S of F× we deﬁne the S-Pythagoras number P S(F ) of F to be the minimal
positive integer k—if such an integer exists—such that every element of
∑
S is the sum of at most k
elements of S; when there is no such k we set P S (F ) = ∞. Now take S = (F×)2 (so P S (F ) is the
usual Pythagoras number of F [Lam05, p. 395]). [Bec82, Th. 2.12] can then be rephrased as saying
that for every m  1, P S (F ) is ﬁnite if and only if P Sm (F ) is ﬁnite. Consequently, when P (F×)2m (F )
is ﬁnite for some m, it is ﬁnite for all m. We now extend the “if” part of the above equivalence to
arbitrary totally positive co-torsion subgroups S .
Theorem 7.5. Let F be a formally real ﬁeld, let S be a totally positive co-torsion subgroup of F× , and let m be
a positive integer. If P Sm (F ) < ∞, then P S(F ) < ∞. Moreover, in this case P S (F ) (P Sm (F ))2 .
3112 I. Efrat / Journal of Algebra 320 (2008) 3104–3112Proof. Set P = P Sm (F ). Given s1, . . . , sn ∈ S , we choose s′1, . . . , s′P ∈ S such that
∑n
i=1 smi =
∑P
j=1(s′j)
m .
Also let
 =
∑n
i=1 si∑P
j=1 s′j
.
Corollary 3.3 implies that m ∈ H×F . It therefore follows from the deﬁnition of HF that  ∈ H×F . Fur-
thermore,  ∈∑ S ∑(F×)2. By Corollary 7.2,  ∈∑ Sm , so by assumption,  is the sum of at most P
elements of Sm (⊆ S). Hence ∑ni=1 si is the sum of at most P2 elements of S . 
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